We present a semiempirical approach to the density functional theory of bubble nucleation in binary mixtures. Intermolecular forces between solvent and solute molecules are modeled using Lennard-Jones potentials whose interaction parameters are determined by equilibrium properties of the pure liquids and the liquid mixtures. We study the temperature variation of the critical supersaturation for carbon dioxide, oxygen, nitrogen, and hydrogen dissolved in water at 1 atm pressure. Our results are consistent with experimental trends that show an ''inverse'' dependence of the nucleation rates on temperature for the case of hydrogen. In the different mixtures, critical nuclei for gas formation exhibit fluid densities at their centers that are a substantial fraction of the density of the corresponding pure liquids.
I. INTRODUCTION
When a liquid or liquid mixture is heated, gas bubbles form in the course of a liquid-to-gas phase transition. The intuitive expectation is that at higher temperatures the rate of formation of gas bubble should be greater. There are two reasons for this: first, the high-entropy state represented by the gas should be favored at higher temperatures; and second, rates of dynamical processes generally increase with temperature.
The intuitive expectation is not always correct, however. Several years ago, two of us 1 used density functional methods to predict that the nucleation rate for bubble formation in binary fluids can, in some cases, decrease with increasing temperature. The key factor identified in that work was the relative volatility of the fluids in the mixture: when a gas with very weak intermolecular interaction is dissolved in a fluid with much stronger interaction, this ''inverse'' temperature dependence of nucleation rates is predicted. A fluid mixture in which the two components have more equal intermolecular interactions displays the ''normal'' temperature behavior of increasing nucleation rates at higher temperatures.
At the time our earlier paper was published, there were only indirect experimental suggestions consistent with these predictions. Rubin and Noyes, 2 in the course of studying gas oscillator reactions, showed that their results could be accounted for by a critical supersaturation of hydrogen dissolved in water at room temperature that increased with increasing temperature ͑equivalent to a nucleation rate that decreased with temperature͒. The corresponding critical supersaturations of oxygen and nitrogen decreased slightly with temperature, on the other hand.
There has now been a direct experimental measurement of the critical supersaturation of several gases in water as a function of temperature by Bowers et al. 3 These authors do indeed find that the critical supersaturation of hydrogen in water increases with T. The corresponding quantity for nitrogen and oxygen is only weakly dependent on temperature, whereas the supersaturation for carbon dioxide decreases strongly with temperature. This appears to be direct confirmation of our earlier theoretical predictions.
Some questions still remain, however. The qualitative explanation for this inverse temperature dependence of liquid-gas nucleation presented in Ref. 1 was based on the competition between a liquid-gas phase transition and a fluid-fluid phase separation in a binary mixture. When the relative volatility of the two components is quite different, the formation of the critical nucleus can be dominated by a change in composition, not density. It is well known that liquid-liquid phase separation is generally favored by low, not high, temperature, and this can account for the observation of reverse temperature dependence in the nucleation rates. However, Bowers et al. have argued that this explanation may not apply to the mixtures they have studied, because the temperatures employed are so far above the critical point of hydrogen. 3 In this paper, we explicitly model the interaction forces between water and the four gases investigated by Bowers et al. ͑hydrogen, nitrogen, oxygen, and carbon dioxide͒. We use Lennard-Jones potentials whose parameters are determined by equilibrium properties of the liquids and liquid mixtures, including the Henry's law constants for the gases in water. We show that a positive slope of critical supersaturation with temperature for hydrogen does in fact result when we then use these potentials in a density functional calculation of nucleation rates. Our predictions are thus fully consistent with the experimental trends, although first-principles quantitative predictions are limited by the sensitivity of the results to the form of the interaction potentials.
In Sec. II we describe our semiempirical density functional theory and describe the fitting of the interaction potentials to independent experimental data on equilibrium prop-erties of the liquids and liquid mixtures studied. In Sec. III we apply the model to calculating nucleation rates and critical supersaturations of the different gases dissolved in water.
II. SEMIEMPIRICAL DENSITY FUNCTIONAL THEORY
In order to build our semiempirical approach to bubble nucleation, we consider a simple model for a binary mixture in which intermolecular interactions between particles in the system are approximated using hard-sphere perturbation theory. The Hemholtz free energy of the mixture can then be expressed as the sum of a local hard-sphere term and a longrange attraction term:
where k is Boltzmann's constant and T is the absolute temperature; F͓ 1 , 2 ͔ is a functional of 1 (r) and 2 (r), the local average densities of solvent and solute particles, respectively. The local Helmholtz free energy density f h ͓ 1 (r), 2 (r)͔ is taken to be that of the binary CarnahanStarling form of Mansoori et al., 4 which is a function of the local densities i (r) and the packing fraction
for spherical particles of diameter ii . The long-range interaction between particles in the system is characterized by the Lennard-Jones ͑LJ͒ interaction potential
where i j and ⑀ i j represent the characteristics LJ interaction parameters. In the context of a conventional Weeks, Chandler, and Andersen ͑WCA͒ perturbation scheme, 5 the perturbative potentials i j p in Eq. ͑1͒ assumes the form
where
i j is the distance at which i j LJ (r) exhibits its minimum.
The equilibrium properties of the mixture can be obtained by minimizing the grand potential
at constant chemical potentials i , under appropriate boundary conditions. 6 The bulk properties of a homogeneous mixture are then derived by working in the limit of uniform densities
Thus, comparison between the predictions of our model and the experimental results for a given mixture requires the selection of appropriate values for the Lennard-Jones parameters ⑀ i j and i j . Given our interest in the nucleation behavior of bubbles of nonpolar solutes (H 2 , O 2 , N 2 , and CO 2 ) in aqueous solutions, we decided to adjust the intermolecular potentials to match key thermophysical data for these systems. In particular, the interaction parameters for the solutes were determined by finding the values of ⑀ 22 and 22 that generate the best fit to pressure-density data in the range from 0 to 1000 bars for the pure fluids at a given temperature. Thermophysical reference data from Younglove was used to fit the model parameters for hydrogen, nitrogen, and oxygen, 7 while data generated by a highly accurate equation of state proposed by Pitzer and Sterner was used in the case of carbon dioxide. 8 The values of the intermolecular potential parameters that result from this fitting procedure depend on temperature. In general, as the temperature is increased from 260 to 360 K, the hard-sphere diameter 22 decreases by up to 1.5%, while ⑀ 22 decreases by up to 3% for all solutes but hydrogen. In this latter case, the Lennard-Jones energy parameter increases by approximately 5% for the same temperature range.
Both the structure of pure water and the restructuring induced by the transfer of a single solute into the liquid are known to be highly sensitive to the details in the intermolecular potential between particles. Thus, given the simplicity of our model, in which the structural properties of the solvent ͑water͒ are ignored, it is not easy to establish a good estimate of the Lennard-Jones parameters for the solvent, ⑀ 11 and 11 , and for the cross-interaction parameters ⑀ 12 and 12 . A straightforward fit of the LJ parameters for water, trying to reproduce some thermophysical data for the pure compound ͑e.g., saturated vapor pressure and liquid density of water͒, tends to force the selection of unrealistic values of 12 and ⑀ 12 when adjusting the solubility properties of the different mixtures. Based on previous semiempirical models developed to describe the structural and thermodynamic properties of dilute solutions of nonpolar species in water, 9 we decided to approach the problem by assuming the validly of the Berthelot combining rule
for the different mixtures, and then adjusting the value of ⑀ 11 ͑or equivalently ⑀ 12 ) to fit the experimental Henry's Law constant K H (T) for each particular system at any given temperature T. where x 2 is the mole fraction of the solute in the liquid mixture. Given the sensitivity of the thermodynamic properties of dense fluid mixtures to the density of the solvent, 12 the value of the hard-sphere diameter 11 was chosen to reproduce the density of saturated water at each temperature. The cross-interaction parameter 12 was then assumed to satisfy the Lorentz combining rule 12
This procedure leads to temperature dependent parameters 11 and ⑀ 11 , whose values increase up to 2% and up to 25%, respectively, in the temperature range 260-360 K.
III. BUBBLE NUCLEATION
Once the potential parameters are estimated, density functional theory can be used to calculate the density profiles, 1 (r) and 2 (r), and the work of formation ⌬⍀* of the critical bubble at different temperatures T and solute concentrations C 2 . The rate of bubble nucleation can then be estimated by using the relation 1 JϭJ 0 exp͑Ϫ⌬⍀*/kT͒, ͑10͒
͑11͒
In this expression, 1 p is the number density of the pure solvent ͑water͒, y 1 and y 2 are the vapor mole fractions of the solvent and the solute, respectively, and m 1 and m 2 are the corresponding molecular masses. The surface tension ␥ lg in Eq. ͑11͒ is assumed to be that of pure water at the working temperature T.
In order to compare the predictions of our model with recent experimental results for the temperature dependence of bubble nucleation limits for aqueous solutions, we estimated the rates of bubble nucleation in different binary mixtures at atmospheric pressure. By following the behavior of J as a function of solute concentration at fixed temperature, we determined the critical concentration C crit , defined as the molar concentration of solute for which the rate of nucleation is equal to one bubble per cubic centimeter per second (J ϭ1 cm Ϫ3 s Ϫ1 ). Our results for aqueous mixtures of CO 2 , O 2 , H 2 , and N 2 in the temperature range from 5°C ͑278.15 K͒ to 85°C ͑358.15 K͒ are depicted in Fig. 1 . Comparison with experimental data as presented in Fig. 1 in Ref. 3 , shows that our semiempirical model qualitatively reproduces the nucleation behavior in the different mixtures: the critical concentration C crit decreases when the temperature is increased for mixtures of CO 2 , O 2 , and N 2 in water, with a negative slope, dC crit /dT, whose absolute value is much smaller for the N 2 -H 2 O mixture than for the CO 2 aqueous solution. In the case of the hydrogen mixture, the available experimental results indicate that the critical concentration increases with increasing temperature. 2, 3 This behavior is also reproduced by our model but only at high temperatures, above an inversion temperature that corresponds to a minimum in the critical concentration as a function of T. Our results indicate that the existence of an inversion temperature is a common feature for the different aqueous mixtures, but it occurs at temperature higher than those explored in this work for the other three systems.
The analysis of our results shows that the relative value of the critical concentration C crit at a given temperature is directly connected to the solubility in water of the nonpolar species. In our semiempirical model, the decreasing solubility in the series carbon dioxide, oxygen, and hydrogen is determined by the increasing value of the ratio ⑀ 11 /⑀ 22 for the adjusted LJ energy parameters. The lower solubility of nitrogen ͑and the corresponding lower critical concentration for bubble nucleation͒ results from the combination of two factors: a relatively high ⑀ 11 /⑀ 22 ratio, and a more pronounced size difference between solute and solvent molecules ( 11 / 22 Ͻ1). It is important to point out that the present semiempirical approach, although it predicts the trends correctly, overestimates the actual value of C crit by almost an order of magnitude for all the mixtures. This may be due to the mean-field nature of our model, which influences the location of the liquid spinodal, or it may also arise from the presence of heterogeneous nucleation in the experimental systems.
In our previous work on bubble nucleation in binary mixtures, we showed that the variation of the critical concentration with temperature depends on the value of the ratio ⑀ 11 /⑀ 22 for mixtures of particles of similar size.
1 In particular, dC crit /dT increases when the aforementioned ratio increases. This pattern is also characteristic of our semiempirical approach, in which higher vales of ⑀ 11 /⑀ 22 correspond to higher ͑less negative͒ slopes of the critical concentrations as a function of temperature ͑see Fig. 1͒ . The variation of dC crit /dT with temperature, however, is strongly influenced by the particular behavior of the solubility of the nonpolar species in water. 12 The solubility of light gases, such as those considered in this work, passes through a minimum as a function of temperature. The presence of this minimum de- termines the existence of an inversion temperature for the critical concentration for bubble nucleation, although the actual minimum for C crit seems to be located a few degrees below the corresponding minimum for the bulk solubility. In the particular case of hydrogen, the location of the minimum is highly sensitive to the variation with temperature of the adjusted hard-sphere diameter of the solute 22 . Thus, it takes a very modest change in this potential parameter to qualitatively reproduce the experimentally observed T-dependence of C crit for this gas.
Density functional theory allows us to follow the behavior of the density profiles for solute and solvent in the critical bubbles. Figures 2͑a͒ and 2͑b͒ show typical results for the aqueous solutions of N 2 and CO 2 , respectively. These two systems represent our two extreme cases based on the solute's solubility in water. In both cases, the density at the center of the critical bubble attains relatively high values, corresponding to densities that are between 25% and 40% of the liquid density and 40 to 60 times higher than the density inside the bubble once it reaches macroscopic size. The fluid density inside the critical bubble is an increasing function of the gas solubility, and is not necessarily determined by the solute volatility. Thus, the nucleation of bubbles of hydrogen and oxygen also generates dense-fluid nuclei, with bubble internal densities intermediate to those depicted in Fig. 2 . The results based on our semiempirical approach do not establish any clear relationship between the liquidlike nature of the critical bubble and the temperature dependence of the critical supersaturation, although both phenomena are clearly influenced by the behavior of the solubility of the nonpolar species in the liquid solvent.
Critical nuclei for CO 2 tend to be bigger than those corresponding to the other binary mixtures at any given temperature. Bubbles of CO 2 at the critical concentration C crit have a radius between 25 to 30 Å and contain 500 to 1000 solute molecules. Critical bubbles for the other three systems contain fewer particles ͑150-250͒ and their radii vary from 12 to 18 Å. In all of these cases, the work of formation of the critical bubble at C crit is of the order of 80 kT.
The results of this paper show that the ''inverse'' dependence of nucleation rates on temperature is consistent with density functional theory for fluid mixtures modeled semiempirically through Lennard-Jones potentials. More quantitative predictions await more accurate intermolecular potentials, however. In addition, we find that the critical nuclei for gas formation are not at all gaslike, having fluid densities at their centers that are a substantial fraction of the density of the corresponding pure liquids. However, there is no qualitative difference between the critical nuclei in mixtures with normal and inverse nucleation rate behavior. Instead, there appears to be a temperature above which the nucleation shifts from normal to inverse. Additional theoretical and experimental studies of these questions would help to further elucidate the microscopic dynamics of bubble formation in binary fluids. 
